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Abstract: A mathematically strict method of obtaining effective theories resulting from
the spontaneous breaking of conformal invariance is developed. It is demonstrated that
the Nambu–Goldstone fields for special conformal transformations always represent non–
dynamical degrees of freedom. For spacetime manifolds with dimension d > 2, the equiva-
lence of the developed approach and the standard one, which includes the imposition of the
inverse Higgs constraints, is proved. Based on the consideration of the special case d = 2,
the extension of the technique used in the inverse Higgs phenomenon is discussed.
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1 Introduction
The study of effective theories resulting from the spontaneous symmetry breaking of
the conformal invariance1 has a long history. In the pioneering work [1] it was noticed that
the straightforward application of the coset space technique in this case yields the Nambu–
Goldstone fields (NGF) for special conformal transformations (SCT) to be massive. This
was suggested to be the manifestation of Anderson–Higgs–Kibble mechanism [2–4], which
gives rise to a massive vector. However, in the later studies [5–7] it was shown that the NGF
for SCT do not correspond to the independent fluctuations of the vacuum, whatever the
latter is, hence represent redundant fields. An analogous phenomenon was also observed
for other spontaneous symmetry breaking patterns [8–10]. The way of obtaining a theory
with the correct number of degrees of freedom, i.e., without redundant fields, was proposed
in [8]. Namely, it was suggested to impose the so called inverse Higgs constraints, which
allow to express redundant fields in terms of the physical ones. Such prescription turned
out to be successful in all known examples, and, therefore, was accepted as the correct
tool for eliminating unphysical fields from a theory. For the spontaneous breaking of the
conformal group, this construction allows to eliminate the NGF for SCT in favour of the
dilaton field [6, 8, 11] and is accepted as the standard approach to the construction of
effective Lagrangians.
Note, however, that the mathematical status of the standard approach remains of a
proposal. Namely, imposing inverse Higgs constraints is a mathematically consistent way
of realizing a given spontaneous symmetry breaking pattern by a smaller number of NGF
than there are broken generators. Nonetheless, the necessity of imposing inverse Higgs
constraints does not follow from the logic of the coset space technique by itself, which
1By definition, the conformal group in (d + 1) spacetime dimensions is O(2, d + 1). Not to be confused
with the Weyl group, which consists of arbitrary local rescalings of the metric.
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turns the standard approach into a successful ad hoc prescription. Thus, the question of
how to justify mathematically the standard construction remains open.
Until recently, there was a similar problem with elaborating the way how the coset space
technique should be employed for the construction of conformally invariant Lagrangians
in the unbroken phase.2 Namely, to make the coset space technique applicable in this
case,3 one must consider SCT as if they were broken (more precisely, as non–linearly
realized generators) [1, 15, 16]. This raises the question of how to interpret the coordinates
associated with SCT in the corresponding coset space. More concretely, the suitable pattern
of non–linear realization reads4
Conf(d)→ SO(d) , (1.1)
where Conf(d) is the d–dimensional conformal group.5 This corresponds to considering the
coset space
gconf = e
iPµxµeiKνy
ν
, (1.2)
where Pµ and Kν are generators of translations and SCT accordingly. The interpretation
of xµ in this coset is known — they are coordinates on the Minkowski spacetime. But how
should one interpret yν? Should they be considered as NGF [1] or as a set of additional
coordinates, thus leading to the so called bi–conformal space [15, 16]? In [20], based on
the method of induced representations [12–14], it was shown that yν plays a special role.
Namely, yν should be considered as field whose dependence on the coordinates is fixed
by the symmetries. This implies that yν , the NGF for SCT, can play a special role in
the case of spontaneously broken conformal group as well. If so, this observation can be
of crucial importance for justifying the standard approach to the construction of effective
Lagrangians resulting from the spontaneous breaking of the conformal symmetry.
The aim of this paper is to show that this is indeed the case. For this purpose, we
extend the the area of applicability of the technique developed in [20] to a spontaneously
broken phase, i.e, allow some of the generators to be spontaneously broken. This allows us
to show that in the spontaneously broken phase yν has fixed dependence on the coordinates,
which forces yν to decouple from other fields. The procedure of fulfilling this requirement
2We say that a theory is in the unbroken phase if none of the symmetries are spontaneously broken, i.e.,
all symmetry generators annihilate the vacuum. In [20], all of the generators were assumed to be unbroken,
and the construction of conformally invariant theories was made along the lines of the method of induced
representations [12–14]. The presence of the exponentials of the unbroken SCT in the coset space employed
in [20] was necessitated by geometrical considerations.
3Coset space technique is applicable only when coset space G/H is homogeneously reductive. To ensure
this property, one should add the exponentials of the SCT into the coset. We remind a reader that a coset
space G/H is said to be homogeneously reductive if [Z, V ] ⊂ Z and [V, V ] ⊂ V , where V are generators of
H and Z supplement them to the full set of G’s generators.
4When employing coset space technique, one should specify non–linearly realized generators. Since such
generators are not necessarily broken, it is more appropriate to speak of patterns of non–linear realization
rather than spontaneous symmetry breaking patterns. For example, even if translations are not sponta-
neously broken, one must still add them to the coset space [17]. Another example covers the construction
of gauge theories [18, 19].
5For the simplicity reasons (see footnote 7 below), we consider the Euclidean conformal group.
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is elaborated and the connection with the standard approach is discussed. It is shown that
the standard approach can be considered only as a convenient tool for constructing effective
Lagrangians, but not as a mathematically self–contained method. In the special case when
spacetime dimension d equals two, it is demonstrated that the application of the standard
technique is problematic, since it involves irremovable ambiguities. On the other hand, the
new technique allows one to systematically construct effective Lagrangians. Based on this
observation, an extension of the standard technique is suggested.
The paper is organised as follows. In section 2, the standard approach is reviewed and
the technique developed in [20] is generalized to a spontaneously broken phase. In section 3,
it is shown that in d > 2 any effective Lagrangian obtained in the developed approach can
be obtained using the standard technique as well. This allows us to reinterpret the standard
technique as a convenient tool for the construction of effective Lagrangians. In section 3.2,
we discuss the special case d = 2 and the question of how the standard technique should
be extended to become applicable in this case. Finally, section 4 concludes the paper.
2 Spontaneously broken conformal group
2.1 Standard technique
We start by reviewing the standard approach to the construction of effective La-
grangians resulting from the spontaneous breaking of the conformal symmetry. We do
not overview the standard rules of applying the coset space technique to the construction
of effective Lagrangians, which can be found in [11, 17, 21].
Suppose that the conformal group was spontaneously broken down to the Poincare
subgroup by non–zero expectation value of an order parameter Φ. This accounts for con-
sidering the following pattern of non–linear realization,
Conf(d) → SO(d) . (2.1)
The coset space associated with this pattern reads
gbr = e
iPµxµeiKνy
ν(x)eiDpi(x) , (2.2)
where D is the generator of dilations. Following the standard rules of applying coset space
technique in the case of spontaneous breaking of spacetime symmetries [17], one interprets
yν(x) and pi(x) as the NGF, and xµ as the coordinates of the Euclidean space.
To see that yν is, in fact, a redundant field, consider the action of a dilation and SCT
on the order parameter,
DˆΦ = ∆ΦΦ , KˆµΦ = 2xµ∆ΦΦ , (2.3)
where ∆Φ is Φ’s scaling dimension and it was taken into account that Φ does not depend
on the coordinates. This formula shows that the action of SCT reduces to the coordinate
dependent action of dilations. Or, in other words, SCT do not have their “own” action
on fields. Then, since NGF are local fluctuations of the vacuum, one does not need yν to
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describe all possible fluctuations of Φ [7–10]. Hence, physical consideration shows that yν
represents a redundant field.
To account for this fact in the coset space technique approach, one imposes the so
called inverse Higgs constraints [8]. This goes as follows. The Maurer–Cartan forms for
coset space (2.2),
g−1H dgH = iPµω
µ
P + iKνω
ν
K + iDωD + iLµνω
µν
L , (2.4)
where Lµν are the generators of the Lorentz transformations, are given by
ωνK = e
−pi(dyν + 2yρdxρyν − y2dxν) , ωµP = epidxµ ,
ωD = 2yρdx
ρ + dpi , ωµνL = y
νdxµ − yµdxν . (2.5)
All of them, except for ωµνL , transform homogeneously under the action of the continuous
elements of the conformal group. Because of this fact, it seems to be consistent with the
symmetries to set ωD to zero,
ωD = 0 ⇒ yν = −1
2
∂νpi . (2.6)
This prescription is known as the inverse Higgs constraint and, as indicated, allows one to
express yν in terms of the dilaton in a way compatible with all continuous symmetries. As
we will see later, however, this prescription is not compatible with the discrete inversion
symmetry.6 Let us, nonetheless, proceed further. By using the left Maurer–Cartan forms
with yν given by (2.6), one can construct effective Lagrangians with the correct number of
degrees of freedom. Namely, by using the standard rules [17], from Maurer–Cartan forms
(2.5) one reads out the tetrads eµν , the covariant metric gµν , and the covariant derivative of
yν (which, upon imposing inverse Higgs constraint (2.6), plays the role of dilaton’s covariant
derivative),
ωµP = e
µ
νdx
ν , gµν ≡ eλµδλρeρν = e2piηµν ,
Dµy
ν |ihc = e−2pi
(1
2
∂µpi∂
νpi − 1
2
∂µ∂
νpi − δνµ∂λpi∂λpi
)
.
(2.7)
For a matter field ψ, one can introduce the homogeneously transforming 1–form [17, 21]
Dψ = dψ + ωµνL Lˆµνψ , (2.8)
where Lˆµν is a representation of Lµν appropriate for ψ. On inverse Higgs constraint (2.6),
this translates to the following covariant derivative,
Dµψ|ihc = e−pi
(
∂µψ +
1
2
(
δρµ∂
λpi − δλµ∂ρpi
)
Lˆλρψ
)
. (2.9)
Then, any effective Lagrangians constructed from (2.7) and (2.9) in a SO(d)–invariant way
will automatically be conformally invariant as well. Moreover, the effective Lagrangians
will include only one NGF, the dilaton, as it was required by the physical considerations.
6To define the inversion I strictly, consider O(1, d+ 1) as a symmetry group of hypersurface −p20 + p21 +
... + p2d+1 = 0 ⊂ R1,d+1. Then, I is the element of O(1, d + 1) changing the sign of p0.
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The presented technique constitutes the standard approach to the construction of
effective Lagrangians resulting from the spontaneous breaking of the conformal symmetry.
Despite its success, the requirement (2.6) remains its weak point. On the one hand, one
must impose it to obtain theories with the correct number of degrees of freedom. On the
other hand, from the coset space technique it is unclear why NGF for SCT are always
redundant. For example, based only on mathematical aspects, one can assume that in
some cases yν(x) will indeed be a massive vector NGF or will have some other physical
interpretation [5].
2.2 Two–orbit approach
Before extending the area of applicability of the technique developed in [20] to a spon-
taneously broken conformal group, let us remind the reader how it works in the unbroken
phase. Throughout the paper, this technique will be referred to as the two–orbit approach.
The fields of d-dimensional conformal field theories are defined on a sphere Sd, which
is equivalent to the Euclidean space supplemented by a point at infinity.7 This is so
because SCT always map some point to the infinity, thus forcing one to include it into
consideration. Hence, according to the use of the coset space technique in the method of
induced representations [12–14], for the construction of conformally invariant Lagrangians
in the unbroken phase one should find the coset space isomorphic to Sd. At this point, one
encounters a difficulty. Namely, on the one hand, since in the process of obtaining Maurer–
Cartan forms one takes a logarithmic derivative of a coset, the coset to be used must be
parameterized by continuous group elements. On the other hand, a sphere is not isomorphic
to an orbit of any of its points under the action of continuous group elements (remember
that only the inversion maps the south pole to the north pole). To resolve this difficulty,
one may exploit the fact that a sphere can be obtained by gluing together two Euclidean
spaces. A rigorous implementation of this idea leads to the following technique [20]: for
the construction of conformally invariant theories, one should consider the coset space
corresponding to pattern of non–linear realization (2.1), (1.2), in which yν is considered as
a field with the fixed coordinate dependence,
yν(x) =
xν
x2
, ~x 6= ~0 . (2.10)
yν describes the gluing map of coordinate charts around the south and north poles of the
sphere, and thus turns a 2d dimensional coset space (1.2) into a d dimensional sphere. Note
also that condition (2.10) is a consistent requirement in the sense that it is invariant under
the action of the conformal group. Indeed, eq. (2.10) is a solution of the equation ωνK = 0
[20]. Then, since ωνK transforms homogeneously under the action of the conformal group,
eq. (2.10) is invariant.8
7In the Minkowski spacetime, one would have a “light cone” at infinity. This is the reason why we are
considering Euclidean conformal group.
8The action of the inversion interchanges the roles of xµ and yν , and eq. (2.10) respects this symmetry as
well [20]. On the other hand, the second solution of the equation ωνK = 0, namely y
ν = 0, is not compatible
with the action of the inversion. Also, it is worth stressing that, unlike the approach adopted in [16], we
consider yν(x) as a field, not as a coordinate.
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Condition (2.10) univocally fixes yν as a function of the coordinates, hence yν(x)’s
equation of motion must admit (2.10) as a solution. This fact strongly constrains the
allowed combinations of the Maurer–Cartan forms for coset space (1.2). Namely, according
to the coset space technique, a covariant derivative of a (quasi–primary) field ψ reads
Dµψ = ∂µψ + 2y
ν
(
ηνµ∆ + iLˆµν
)
ψ , (2.11)
where ∆ and Lˆµν are, accordingly, representations of D and Lµν appropriate for ψ. Then,
on the one hand, yν must be given by (2.10). On the other hand, ψ, which is a dynamical
field, couples to yν via the interaction term in (2.11). This will force yν to be a dynamical
as well, thus spoiling the first requirement. Hence, the only way to avoid this problem is to
require for the interaction terms to sum up to a total derivative or disappear at all. This is
a qualitatively new requirement one encounters in the process of constructing conformally
invariant theories within the coset space technique. Interestingly, this requirement ensures
that the virial current of conformal field theories vanishes or is a total derivative [22, 23].
Besides the above rigorous reasoning, one can arrive at the same procedure of con-
structing conformally invariant theories in the following way. Consider yν in (1.2) as an
auxiliary field, which was introduced to ensure the applicability of the coset space technique.
Then, to leave only physical fields in the theory, one should search for the Lagrangians in
which yν and matter fields decouple. This is just a reformulation of the requirement es-
tablished in the previous paragraph. Although this reasoning is non–strict and cannot be
applied directly in a spontaneously broken phase, it can be considered as an argument for
the correctness of the two–orbit approach.
The extension of the area of applicability of the two–orbit approach to a spontaneously
broken phase is straightforward. Namely, since conformal field theories are defined on a
sphere, yν ’s interpretations remains the same — they are fields whose equation of motion
must admit (2.10) as a solution. This requirement follows purely from the method of
induced representations and is independent from the fact whether the conformal group is
spontaneously broken or not. Thus, despite that the action of SCT on the vacuum becomes
non–trivial, the logic of [20] remains valid. Another argument supporting this result is the
following. As it was mentioned above, it is the condition for yν to enter the Lagrangian
only via total derivative that guarantees that the virial current is a total derivative. In
a spontaneously broken phase the virial current must also be a total derivative, which,
reversing the logic, leads to the previous condition.
Let us now discuss what this requirement implies in practice. Note that the conformal
group is the maximal spacetime symmetry group that relativistic field theories are allowed
to have [24, 25] (of course, except for supersymmetry). This allows us to write the most
general spontaneous symmetry breaking pattern including the breaking of the conformal
invariance in the form
Conf(d)×Gint → H , (2.12)
where Gint is some internal symmetry group and H is allowed to be a mixture of spacetime
and internal symmetries. Throughout the paper, we adopt the standard definition of a bro-
ken generator — a generator is said to be broken if does not annihilate the vacuum. For
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the conformal group, this definition has a non–trivial consequence. To reveal it, remember
that the action of SCT on quasi–primary fields (i.e., on the elements of irreducible repre-
sentations) reduces to the coordinate–dependent action of dilation, Lorentz transformation
and translation,
Kˆµψ =
(
2xµDˆ − xνLˆµν + ixνxνPˆµ
)
ψ . (2.13)
This formula implies that SCT are spontaneously broken if and only if at least one of
the three generators, D, Pµ, and Lµν , are broken. Indeed, if none of them are broken,
then eq. (2.13) implies that Kµ are not broken as well, and vice versa. Thus, if conformal
invariance is assumed to be spontaneously broken, so must be SCT (and at least one of
the three generators). This observation allows one to write the coset space corresponding
to (2.12) in the form
gH = e
iPµxµeiKνy
ν
eiZaξ
a
, (2.14)
where Za are the broken generators different from Kν , ξ
a are the corresponding NGF, a can
be a mixture of spacetime and internal indices, and it was assumed that the translations
are not spontaneously broken. Provided that coset space (2.14) is homogeneously reductive
[17], all of the corresponding Maurer–Cartan forms except for ωiH ,
g−1H dgH = Pµω
µ
P +Kνω
ν
K + Zaω
a +Hiω
i
H , (2.15)
where Hi are the generators of H, transform homogeneously under the action of all con-
tinuous symmetries. For a matter field ψ, a homogeneously transforming 1–form reads
Dψ = dψ + iωiHHˆiψ , (2.16)
where Hˆi is a representation of Hi appropriate for ψ. Then, G-invariant Lagrangians are
obtained as H-invariant wedge products of ωµP , ω
ν
K , ω
a
Z , ψ and Dψ that admit (2.10) as
a solution of yν ’s equation of motion.
To understand which theories satisfy this criterion, note that in general case the effec-
tive Lagrangian can be split into two parts,
L = Lkin(ωµP , ωνK) + Lph(ωµP , ωνK , ωaZ , ψ ,Dψ) , (2.17)
where Lkin is a wedge product of ωµP and ωνK only,9 and Lph contains all other terms. As
it will be explained at the end of next section, Lkin always admits (2.10) as a solution.
Moreover, since it does not contain ξa and ψ, all Lagrangians having the same Lph but
different Lkin are physically identical. Hence, without loss of generality, for the study of
effective theories one can set Lkin to zero, which will be assumed in the rest of the paper.
Further, note that because of the structure of the conformal algebra, yν will enter the
Maurer–Cartan forms ωνK and at least some of ω
a
Z and 1–forms Dψ. This results in the
appearance of the interaction terms between yν and other fields. Then, since ξa and ψ are
dynamical, the solution of yν ’s equations of motion cannot be given by (2.10) unless these
9One can write an analogous term, Lkin , in the unbroken phase as well. It corresponds to yν ’s kinetic
term and always admit (2.10) as a solution [20].
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interaction terms sum up to a total derivative. Consequently, the only allowed effective
Lagrangians are those which satisfy the same criterion as in the unbroken phase.
This constitutes the sought generalization of the technique developed in [20]. Its key
finding is that the NGF for SCT does not represent fluctuations of a background solution.
Instead, their presence and the way they must appear in the theories ensures the famous
property of conformal field theories — their virial current is a total derivative.
To illustrate the application of the two–orbit approach to the construction of effective
Lagrangians, consider a spontaneous breaking of the conformal group down to the Poincare
one,
Conf(d)→ SO(d) , (2.18)
From (2.5) one reads out the covariant metric gmn and the covariant derivatives of pi , y
ν ,
and ψ to be
gmn = e
2piδmn , Dmpi = e
−pi(∂mpi + 2ym) , (2.19)
Dmy
ν = e−2pi(∂myν + 2ymyν − δνmy2) , Dmψ = e−pi(∂mψ + 2iyνLˆmνψ) , (2.20)
where Lˆµν is a representation of Lµν appropriate for ψ and Latin letters denote indices
which should be raised/lowered by the covariant metric. As it was discussed above, within
the two-orbit approach effective Lagrangians: i) are constructed as SO(d)–invaraint com-
binations of the covaraint derivatives, and ii) include yν only via total derivative. For
example, the simplest effective Lagrangian satisfying these criteria reads
L = 1
2
DµpiD
µpi +Dµy
µ =
1
2
e−2pi∂µpi∂µpi + ∂µ(e−2piyµ) . (2.21)
The construction of more complicated effective Lagrangians within the two–orbit approach
is problematic because of the need to ensure the second requirement. This rises the question
of whether the suggested construction can be simplified. As we will show in the next
section, the answer to this question is positive, and the simplified technique is nothing but
the inverse Higgs constraint method.
3 Equivalence of the approaches
3.1 The case d > 2
A careful reader might have already noticed that the standard approach and the two–
orbit one contradict each other. Namely, by combining equations (2.10) and (2.6), one
might see that pi(x) must have fixed coordinate dependence, which is meaningless. This
observation, in fact, demonstrates that the standard approach is not mathematically strict
— inverse Higgs constraint (2.6) is not consistent with the inversion symmetry. But then
how could it happen that the standard approach turned out to be successful in all known
examples? The answer is that, despite being mathematically non–strict, the standard ap-
proach allows, formally, to construct all possible effective Lagrangians. This fact is proved
below by showing that any effective Lagrangian constructed in the two–orbit approach can
be obtained via the standard technique as well, and vice versa. In this sense, we claim
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the two approaches to be equivalent. This implies that the standard technique should be
considered only as a convenient tool for constructing effective Lagrangians.
As an explanatory example, the equivalence of the standard approach and the two–
orbit one will be first proved for the spontaneous breaking of the conformal group down
to the Poincare one, 2.18. After examining this case, the generalization to an arbitrary
spontaneous symmetry breaking pattern will become straightforward. For the case un-
der consideration, the coset space and Maurer–Cartan forms are given by (2.2) and (2.5)
accordingly.
First, we will show that any effective theory obtained via the two–orbit approach can
be reproduced by the means of the standard technique as well. In the former approach,
the effective Lagrangians are allowed to include yν only via total derivative. Hence, there
are no equations of motion for yν , and one can set yν to be given by an arbitrary function
of coordinates. In particular, the latter can be chosen to coincide with the expression
following from the inverse Higgs constraints method, (2.6). Further, one can insert (2.6)
back into the Lagrangian, which, obviously, sets ωD to zero. Then, since the resulting
Lagrangian is conformally invariant, it must still be an SO(d)–invariant combination of
the left Maurer–Cartan forms,
Lph|IHC = L˜(ωµP , ωνK , ψ ,Dψ )|IHC . (3.1)
This implies that Lph can be rewritten as an SO(d)-invariant combination of Maurer–
Cartan forms (2.5) with the imposed inverse Higgs constraint. This proves the first part
of the statement.
In the reversed way, the claim will be proved by showing that a certain combination
of the covariant derivatives of fields in the two–orbit technique are exactly the same as in
the standard approach. The invaraint metric and covariant derivatives of fields are given
by eq. (2.19), (2.20). Then, the crucial observation is that yν enters (2.20) linearly, which
allows to use Dmpi to eliminate y
ν from all other covariant derivatives. For matter fields,
the combination of the covariant derivatives that does not include yν is
D˜mψ = Dmψ − (iLˆmnψ)Dnpi . (3.2)
The elimination of yν from Dmy
ν is a slightly more complicated, since the latter includes
yν ’s derivative. Because Dmpi transforms homogeneously under the action of the conformal
group, one can obtain its covariant derivative in the same way as for the matter field [17, 21],
DmDnpi = e−pi(∂mDnpi + 2iyλLˆmλDnpi) . (3.3)
Then, the modified covariant derivative of yν , which, in fact, does not include yν and plays
the role of the covariant derivative of pi, reads
D˜myn = Dmyn − 1
2
DmDnpi − 1
4
gmnDkpiD
kpi . (3.4)
Since covariant derivatives (3.2) and (3.4) do not include yν , any effective Lagrangian
constructed as an SO(d)-invariant combination thereof automatically admits (2.10) as a
– 9 –
solution. Furthermore, the explicit calculation of (3.2) and (3.4) shows that they coin-
cide with covariant derivatives (2.9) and (2.7) accordingly, used in the standard approach.
Hence, any Lagrangian constructed within the standard approach can also be obtained in
the two–orbit one. This finishes the proof.
Note also that the established coincidence of (3.2), (3.4) and (2.9), (2.7) respectively
can be proved on the symmetry grounds. Namely, inverse Higgs constraints (2.6) establish
the only relation between pi and yν that is compatible with all continuous symmetries.
Hence, the elimination of yν from the covariant derivatives cannot but yield the same result
as if one had imposed inverse Higgs constraints. This constitutes the simplest explanation
why the two approaches were found to be equivalent (in the sense discussed at the beginning
of this section).
To proceed towards the general proof, first note that if at least a part of the Lorentz
group is broken and d > 2, then the dilations are broken as well. This follows from the
fact that the scaling dimension of an operator having non–zero vacuum expectation value
is bounded from below by the unitarity bound in conformal field theories,
∆O > 0 . (3.5)
Consequently, any non–zero value of O would also lead to the breaking of the dilation
symmetry. In terms of the coset space (2.14), this implies that D ∈ Za, and we can write
it out explicitly. The case d = 2, which allows to demonstrate an important aspect of the
developed approach, will be considered in the next section.
After establishing this fact, the generalization of the claim to an arbitrary spontaneous
symmetry breaking pattern (2.12) becomes straightforward. The reasoning above suggests
that dilations are necessarily broken. Then, the proof that any effective Lagrangian con-
structed in the two–orbit approach can be obtained by the standard technique as well
remains unchanged. To prove it in another way, note that one can always take the coset
space in the form
gH = e
iPµxµeiKνy
ν
eiDpieiZaξ
a
, (3.6)
where Za include all broken generators except for Kν and D, and we made use of the fact
that dilations are broken. Then, because dilations commute trivially with all generators
except for the translations and SCT, the dilation’s Maurer–Cartan form for general spon-
taneous symmetry breaking pattern (2.12) will be given by (2.5). This allows to use the
same reasoning as in the previous example for proving that the covariant derivatives of the
fields constructed in the two–orbit approach, with eliminated yν , will coincide with their
counterparts in the standard technique. This finishes the proof.
The proved theorem shows that instead of following the two–orbit approach, one may
use the standard inverse Higgs constraint approach. Although the letter technique is not
mathematically strict (in the sense that it does not respect the inversion symmetry), it
formally allows to obtain all possible effective Lagrangians. Thus, inverse Higgs constraint
method should be considered as a convenient tool for constructing effective Lagrangians.
Note that it was previously assumed that the inverse Higgs constraint should be im-
posed on the Maurer–Cartan form for dilations. However, if at least a part of the Lorentz
– 10 –
group is spontaneously broken, yν will also enter the Maurer–Cartan forms for the broken
Lorentz transformations Lα. This allows one to try to eliminate y
ν by imposing the inverse
Higgs constraints
ωαL = 0 , (3.7)
which, because of the structure of the Lorentz group, must hold for all α. However, as
a system of equations on yν , (3.7) is overdetermined. Indeed, if the dimension of the
unbroken Lorentz subgroup is n, then, in the coordinate form, (3.7) is a system of
d× d(d− 1)− n(n− 1)
2
> d (3.8)
equations. Because (3.7) must hold off–shell, and because the NGF associated with the
broken Lα are independent, all of the appearing equations are independent as well. Hence,
in d > 2 they cannot be solved for yν , thus yielding this prescription inapplicable.
At the end of this section, let us note that the Maurer–Cartan forms for SCT for the
most general spontaneous symmetry breaking pattern (2.12) differ from the one obtained
for the unbroken conformal group only by a factor of e−pi [6, 20]. This allows to adhere
to the same kind of reasoning used in [20] for proving that Lkin always admit (2.10) as
a solution. Since the detailed proof of this statement is straightforward and repeats the
steps made in [20], it will not be given in the present paper.
3.2 The special case d = 2
Let us now discuss the special case d = 2. As it will be demonstrated, in this case
the use of the standard technique is problematic because of the impossibility to establish
which inverse Higgs constraints should be imposed. To solve this problem, an extension of
the standard technique is suggested.
We start by noticing that in two–dimensional conformal field theories10 one can imagine
a vacuum solution breaking the Lorentz invariance but not the dilation symmetry.11 In
this case, (3.7) allows to express yν via ω, the NGF for the broken SO(2) symmetry. Then,
within the two–orbit approach, one can use the covariant derivative of ω to eliminate yν
from other covariant derivatives. Because of the symmetry restrictions, these new covariant
derivatives will coincide with the ones that can be obtained in the standard approach by
imposing inverse Higgs constraints (3.7). Clearly, by repeating the reasoning from the
previous section the two approaches can be proved to be equivalent in this case as well.
An interesting situation takes place when both dilation and Lorentz invariance become
spontaneously broken. Now, one can eliminate yν from other covariant derivatives either
by using the covariant derivative of ω, or that of pi, or any combination thereof. Thus, from
the perspective of the two–orbit technique, any covariant derivative obtained in this way
can be used for the construction of effective Lagrangians. On the other hand, because of
10Although the conformal symmetry in d = 2 is bigger than O(1, 3), in this section the conformal group
is understood as O(1, 3).
11For example, consider a vector field with quadratic kinetic term. Such field will have zero scaling
dimension. Hence, its non–zero vacuum expectation value will break the Lorentz invariance but not the
dilation symmetry.
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the symmetry restrictions, from the perspective of the standard technique this corresponds
to considering inverse Higgs constraints of the form
ωD + βωL = 0 , (3.9)
for all possible values of β (β = ∞ correspond to the condition (3.7)). Hence, in this
case, the two–orbit approach is equivalent to the standard technique provided that one
does not fix a particular choice of β but uses the covariant derivatives of fields resulting
from all possible values of β. This observation suggests the following extension of the
standard technique: when it is possible to impose several inverse Higgs constraints, one
should not choose between them but use the covariant derivatives resulting from all possible
choices. Such prescription removes ambiguities and, as it was shown, follows from the more
fundamental technique.
Unfortunately, it is hard to provide an explicit example of a theory that would allow
to illustrate the necessity of extending the standard technique in the suggested way. The
reason behind this is that the scaling dimension of a field with the canonical kinetic term
is zero. This observation forces one to search for exotic theories. Moreover, because the
Lagrangians of conformal field theories are forbidden to include dimensionful constants,
the organization of spontaneous breaking may require the consideration of quantum effects.
This will require a full quantum treatement of the theory, which goes beyond the scope of
the paper. Because of these facts, the discussion above will be left as a qualitative comment
on the special case d = 2.
4 Discussion and conclusion
The results of the previous section establish the correspondence between the two–orbit
and standard techniques. The former approach is self–contained, as it follows directly
from the method of induced representations. On the other hand, its application to the
construction of the effective Lagrangians is complicated by the need to search for the
combinations of Maurer–Cartan forms that include yν only via total derivative. However,
as it was shown, any effective Lagrangian obtained via the two–orbit approach can be
constructed via the standard technique as well. The latter includes the imposition of inverse
Higgs constraints, which does not have strict mathematical justification but allows one to
construct the effective Lagrangians in a much easier way. Thus, the standard approach can
be considered as a convenient tool for obtaining the effective Lagrangians, while it is the
two–orbit technique that is mathematically strict and, hence, fundamental.
The finding that the NGF for SCT always represent “unphysical” degrees of freedom
is in agreement with the results of [10]. Namely, in [10] it was shown that if the Noether
currents associated with the broken symmetries are functionally dependent, then some of
the Nambu–Goldstone fields are redundant. In the conformal group, the action of the
SCT reduces to the coordinate–dependent action of the translation, dilation and Lorentz
transformation. This yields the Noether current for SCT to be functionally dependent on
that for the latter three transformations. Moreover, because of the same property, the
breaking of the SCT is always the consequence of the breaking of Pµ, D or Lµν . Hence,
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the NGF for SCT do not represent independent fluctuations of a background solution and
always represent redundant fields.
Considering the proof of the equivalence of the techniques, it should be noted that the
two approaches are found to be equivalent because of the requirement for yν to enter the
effective Lagrangians only via total derivative. Hence, the reasoning used in this paper
does not apply for revealing the meaning of the inverse Higgs constraints in other cases
[7–9, 18, 19, 26, 27].
Finally, the discussion of the special case d = 2 showed that when it is possible to
eliminate redundant degrees of freedom by imposing various inverse Higgs constraints, one
should not choose between them. Instead, all of the resulting covariant derivatives can
be used for the construction of the effective Lagrangians. This generalization cannot be
established from the standard approach to the study of effective theories resulting from the
spontaneous breaking of the conformal symmetry, but follows directly from the two–orbit
technique.
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